We study the proalgebraic space which is the inverse limit of all finite branched covers over a normal toric variety X with branching set the invariant divisor under the action of (C * ) n . This is the proalgebraic toriccompletion X Q of X. The ramification over the invariant divisor and the singular invariant divisors of X impose topological constraints on the automorphisms of X Q . Considering this proalgebraic space as the toric functor on the adelic complex plane multiplicative semigroup, we calculate its automorphic group. Moreover we show that its vector bundle category is the direct limit of the respective categories of the finite toric varieties coverings defining the proalgebraic toric-completion.
appear constantly in dynamical systems, for instance, the dyadic solenoid of Van-Danzig Vietoris is an invariant set of a diffeomorphism f : S 3 → S 3 which is the Smale-Willams expansive attractor of an Axiom A diffeomorphism of the 3-sphere.
Riemann surface laminations which are transversally like the Cantor set were introduced into conformal dynamics by Sullivan [Su1] . These Riemann surface laminations play a role in the dynamics similar to the role played by Riemann surfaces in the action of Kleinian groups ([Su2] , [Su3] ). The type of laminations we consider in this paper are called solenoidal manifolds ( [Su4, Ve] ). These are Hausdorff topological spaces X equipped with a covering {U i } i∈I by open sets and coordinate charts φ i : U i → D i × T i , where D i is homeomorphic to a domain in R n and T i is homeomorphic to the Cantor set. The transition maps
required to be homeomorphisms that take plaques to plaques , i.e., they are of the form:
For a fixed t = t 0 one may impose some regularity on the maps φ ij (· , t 0 ) = (f ij (· , t), γ ij (t 0 )) in their domain of definition which can be identified with a map between two open sets in R n . These are objects which locally look like a product of open n-disk with a Cantor set. When n = 2 and we identify R 2 with C and require that the maps between plaques is holomorphic we obtain a Riemann surface lamination. Sullivan associated a Riemann surface lamination to any C 2 -smooth expanding map of the circle. M. Lyubich and Yair Minsky [LM] use laminations in dimension 3 called hyperbolic orbifold 3-laminations (a 3-dimensional solenoidal manifold) to study holomorphic dynamics. Both Dennis Sullivan and Misha Lyubich-Yair Minsky obtained remarkable results in conformal dynamics using these solenoidal manifolds.
If X F is a normal complex toric projective variety of complex dimension n determined by the fan F then, by definition, there is a holomorphic action of the algebraic torus (C * ) n = C * ×· · ·×C * (see Definition 2 below) with a Zariski dense principal orbit U ⊂ X F . The complement D := X F − U is a divisor which is invariant under the action. The profinite completion X F Q of X F is the inverse limit of the tower of finite coverings branched over D. Normality implies that the action of (C * ) n lifts to any such finite branched covering and therefore these coverings are also normal toric complex varieties [AP] .
The actions on the covers determine an action of the proalgebraic (or adelic)
where C * Q is the profinite completion of C * (see Section 2). Thus the proalgebraic toric varieties are equivariant compactifications of the "solenoidal" abelian group (C * Q ) n . In this paper we study these toric proalgebraic varieties from several perspectives, in particular we show that that the vector bundle categories of these proalgebraic varieties are the direct limit of their respective categories of their finite toric varieties coverings defining their completions. We also study their automorphism groups.
Adelic solenoid
For every n, m ∈ Z + such that n divides m, then there exists a covering map p n,m : S 1 → S 1 such that p n,m (z) = z m/n . This determines a projective system of covering spaces {S 1 , p n,m } n,m≥1,n|m whose projective limit is the universal one-dimensional solenoid or adelic solenoid:
Thus, as a set, S 1 Q consists of sequences (z n ) n∈N, z∈S 1 such that p n,m (z m ) = z n if n divides m.
The canonical projections of the inverse limit are the functions S 1 Q πn → S 1 defined by π n (z j ) j∈N = z n and they define the solenoid topology as the initial topology of the family. The solenoid is an abelian topological group and each π n is an epimorphism. In particular each π n is a character which determines a locally trivialẐ-bundle structure where the group
is the profinite completion of Z, which is a compact, perfect and totally disconnected abelian topological group homeomorphic to the Cantor set. BeingẐ the profinite completion of Z, it admits a canonical inclusion of Z ⊂Ẑ whose image is dense. We have an inclusionẐ φ → S 1 Q and a short exact sequence:
The solenoid S 1 Q can also be realized as the orbit space of the Q-bundle structure Q → A → A/Q, where A is the adèle group of the rational numbers which is a locally compact Abelian group, Q is a discrete subgroup of A and A/Q ∼ = S 1 Q is a compact Abelian group (see [RV] ). From this perspective, A/Q can be seen as a projective limit whose n-th component corresponds to the unique covering of degree n ≥ 1 of S 1 Q . By considering the properly discontinuously diagonal free action of Z on Z × R given by
Here, Z is acting on R by covering transformations and onẐ by translations. The path-connected component of the identity element 1 ∈ S 1 Q will be called the baseleaf [Od] and it is a densely immersed copy of R.
Summarizing the above discussion we have the commutative diagram:
whereẐ is the adelic profinite completion of the integers and the image of the group monomorphism φ : (Ẑ, +) → (S 1 Q , ·) is the principal fiber. We notice that π n (x) = π n (y) implies π n (y −1 x) = 1 and therefore y −1 x = φ(a) where a ∈ nẐ for some n ∈ Z ⊂Ẑ.
We define the baseleaf as the image of the monomorphism ν : R → S 1 Q defined as follows:
In particular, the immersion ν is a group morphism and comparing the diagrams (1) and (2), we have ν(2πn) = φ(n) for every integer n. Define:
The previous construction can be extended to the inverse limit of the multiplicative group C * as well as to the multiplicative semigroup C. In other words, if z n : C → C denotes the map z → z n we can take the inverse limits under the partial order of divisibility of the integers of the finite coverings of C * and the branched coverings of C:
In the first case we obtain the topological abelian group: the algebraic solenoidal group C * Q . This group is laminated by densely immersed copies of C. In the second case, we obtain the semigroup C Q which is a ramified covering of C at zero and topologically it is homeomorphic to the open cone over the adelic solenoid. The singularity of a cone over a solenoidal torus S 1 Q × . . . S 1 Q will be called a solenoidal cusp or simply a cusp.
The following is the complex version of the diagram 1:
3 Algebraic abelian pro-Lie groups and proalgebraic normal toric varieties.
A topological group is called an abelian pro-Lie group if it is isomorphic to a closed subgroup of a product of finite-dimensional real abelian Lie groups. This class of groups is closed under the formation of arbitrary products and closed subgroups and forms a complete category. In this paper we use the following specific abelian pro-Lie group:
Definition 2 The n-dimensional algebraic profinite torus is the profinite completion of the algebraic torus (C * ) n = C * × · · · × C * (n times)
Let us consider the profinite completion of (C * ) n . The fundamental group of (C * ) n is isomorphic to the free abelian group of rank n, Z n = Z × · · · × Z. Since the finite coverings of (C * ) n correspond to the subgroups (sublattices) Λ of Z n , of finite index, and the covering can be chosen to be epimorphism p Λ : (C * ) n → (C * ) n of (C * ) n onto itself the profinite completion is an abelian group. If we chose the canonical basis {e 1 , · · · , e n } (as a free module over Z) of Z n a lattice Λ corresponds to the lattice generated by the columns of an (n × n)-matrix A with integer entries and non-vanishing determinant which is an integer k. By Cramer's rule the matrix B := kA −1 is a non singular matrix with integer entries. Then BA = kI N and since the columns of BA are integer linear combinations of the columns of A it follows that Λ contains as sublattice the "cubic" lattice in Z n generated by {ke 1 , · · · , ke n }. Of course the lattice generated by {ke 1 , · · · , ke n } contains as a sublattice the lattice generated by {lke 1 , · · · , lke n } for any integer l = 0. Thus the set of cubic lattices is cofinal in the set of all latices. Therefore we have Proposition 1 The profinite completion of (C * ) n is isomorphic to the product C * Q × · · · × C * Q (n factors). Let us recall that a normal toric variety X of complex dimension n is a normal projective variety which has a holomorphic action (C * ) × X with an open principal orbit U ∼ = (C * ). It follows that D := X − U is a divisor which is invariant under the action. D is stratified in a finite number of strata which are projective subvarieties invariant under the action, D is a union of a finite set of invariant divisors D 1 , · · · , D k [BBFK] .
Definition 4 Let X be a normal complex toric variety with principal orbit U ∼ = (C * ) n . Let f : Y → X be a finite branched covering with branch locus the invariant divisor D, as above. Then f is called a toric cover if it satisfies the following two conditions:
1. Y can be endowed with the structure of a projective normal toric variety with an action of (C * ) n with principal orbit V = f −1 (U ).
2. f is an algebraic equivariant map respect to the actions of (C * ) n on Y and X, respectively.
We recall the following theorem in [AP] (stated here for complex normal toric varieties):
Theorem 1 Let X be a normal complete toric variety defined over C, of dimension n, and let f : Y → X be a connected branched cover such that the divisorial part of the branch locus of f is contained in the union of the invariant divisors D 1 , · · · , D k . Then f is a toric cover.
The theorem establishes that if X is a normal complex toric variety with principal orbit U ∼ = (C * ) n , then if f : Y → X is a finite branched covering with branch locus D then:
Toric covers of X are in one-to-one correspondence with finite-index subgroups Λ of π 1 (U ) = Z n . They form a directed set under inclusion. Then, for each Λ ⊂ Z n subgroup of finite index we have a toric cover f : X Λ → X. Therefore we can construct the corresponding projective limit
Definition 5 X Q is called the proalgebraic toric completion of the normal toric variety X.
Remark 1 The proalgebraic toric completion of X is not the profinte completion under every branched cover with branch locus a divisor. We only consider toric covers.
The fact that the coverings used to construct X Q are equivariant implies that there exists an action of the profinite completion of (C * ) n :
Proposition 2 The proalgebraic toric completion X Q admits an action of (C * Q ) n = C * Q × · · · × C * Q (n factors). This action has a dense principal orbit.
The action of (C * Q ) n on X Q is equivariant in the following sense: for each Λ subgroup of finite index of Z n ∼ = π 1 (U ) there is a map p λ : X Q → X Λ which is equivariant with respect to the actions of (C * Q ) n and (C * ) n on X Q and X, respectively. Therefore the proalgebraic toric completion X Q is an equivariant compactification of (C * Q ) n .
Projective space
We have a map from C m+1 − {0} to itself just applying the map (z → z n ) coordinate by coordinate (we will denote this map simply as z n ) and it is clear that this map is well defined on the quotient by the diagonal action of C * ; i.e. the projective space:
The resulting map from the projective space to itself will be denoted by z n . The inverse limit by the divisibility net is the adelic projective space:
Because the inverse limit preserves the product and the quotient in the projective space construction, we have the equivalent description:
such that the quotient is respect to the diagonal action. It is clear that it has m + 1 cusps. This space has homogeneous coordinates [z 0 : z 1 : . . . : z n ] where each z i is an element of C Q , the inverse limit of the maps z n by the divisibility net, and not all of them are zero.
In particular, an automorphism maps cusps to themselves due to their topological nature and more generally, singular divisors to themselves. In contrast to the usual case, this impose constraints on the automorphisms and we have:
is the subgroup of PGL(m + 1, C * Q ) generated by the diagonal matrices. For example, the automorphism group of the adelic Riemann sphere is generated by multiplication by an element of C * Q and the inversionz −1 permuting the two cusps and fixing the equator (the adelic solenoid).
It is interesting to note that there are other constraints beside those due to the topological nature of the cusp. For example, consider the weighted projective space CP (1, 2). Note that the map z n is well defined on this space hence it defines an inverse system of morphisms in the divisibility net whose inverse limit is CP (1, 2) Q . Although the cusps are homeomorphic, because of the leaf structure we do not have the automorphismz −1 permuting the cusps as before and it is not homeomorphic to the solenoid's suspension as in the case of the adelic sphere. Hence the automorphism group is:
In [BV] we study the topology of the adelic Riemann sphere, a particular case of this construction. In the following sections, we generalize this construction to the proalgebraic completion of a toric variety.
Proalgebraic completion of a toric variety
For preliminaries on toric varieties we refer to the classical references [Fu] , [CLS] . For an emphasis on the functorial properties of the theory we refer to [KLMV] . For proalgebraic completions we refer the reader to [SGA1] .
Given a cone σ ⊂ R n , consider the dual semigroup S σ of σ∩Z n . By Gordon's Lemma, S σ is finitely generated. Applying the covariant functor Hom sg (S σ , ) on the inverse system in diagram (3) we get the following inverse system:
whose inverse limit is the fiber of the following fibration:
where X σ := Hom sg (S σ , C) is the affine toric variety, p := Hom sg (S σ , (0)) is the special point and (p m,n ) * := Hom sg (S σ , p m,n ) is postcomposition by p m,n . Here r is the rank of S σ as a semigroup and we have defined X σ Q := Hom sg (S σ , C Q ) a ramified covering over the special point p := Hom sg (S σ , (0)). This is the proalgebraic completion of the affine variety X σ with a cusp over p. In the same fashion as before, the Hom functor on the complex version of (2) gives a densely immersed copy of C r into X σ Q − {cusp}. This will be called the baseleaf and translations of it give a lamination of X σ Q − {cusp}. Now we extend the previous affine case construction to a toric variety as follows: Given a fan F, consider it as a direct system with respect to the canonical inclusions. Define the toric functor:
The toric functor on the complex plane semigroup gives the usual toric variety associated to the fan F:
Instead of regular complex points, now we take the adelic C Q ones and define:
By definition of the toric functor, it is clear that it is covariant and commutes with the inverse limit. Then we have:
where we have defined q n,m := F F (p n,m ). In the next section, an explicit description of the map q n,m is given and it will be clear that it is a finite covering ramified over the divisors specified by the rays of the fan. In particular, they are toric covers and X F Q is the proalgebraic completion of X F . Taking the first canonical projection, we have a map:
ramified over the divisors specified by the rays of the fan.
Definition 6
The map q 1 is called the solenoidization of X F .
In the case of a projective toric variety, the fiber dimension is better pictured in the Delzant polytope associated to the fan. This can be described as follows: There is an equivariant action respect to the solenoidization of the adelic solenoid and the circle on C Q and C respectively such that:
where the actions are free and properly discontinuous except at the origin. By functoriality, this action extends to the proalgebraic completion of the toric variety and the orbit space is homeomorphic to the Delzant polytope of the fan:
Applying the toric functor to diagram (6) we get the moment map:
M : X F Q → Delzant(F) Because of (5), we immediately have:
Proposition 3 Consider a projective toric variety and its proalgebraic completion. The fiber of the moment map of the completion over the points lying on an m-dimensional face of the Delzant polytope is isomorphic to the m-dimensional solenoidal torus C * Q m . In particular, the proper codimension one faces of the polytope correspond to the singular divisors and there are as many cusps as vertices of the polytope.
As an example, consider the projective space CP 2 . The respective Delzant polytope is pictured in Figure 1 . At the vertices there are cusp singularities, at the edges the fiber is C * Q and in the interior the fiber is C * Q 2 . 
Automorphism group
To describe the automorphism group, we will use a presentation of the toric variety similar to the one at the introduction. Given a fan F in a lattice N , denote by F(1) the set of of cones one-dimensional cones; i.e. the set of rays.
Label the rays with natural numbers and for each ray i associate a formal variable x i . Define the discriminant locus:
where I S is the ideal generated by the set {x i | i ∈ S}, V(I S ) is the corresponding algebraic variety and n is the number of rays.
Define the dual lattice M := Hom(N, Z) and consider the homomorphism:
where ·, · is the natural pairing M ⊗ N → Z. Define the group G as the kernel of ξ; i.e. G := ker ξ. The group G has a natural action on C n as follows:
for every g in G where v i is the canonical basis vector in Z F (1) corresponding to the i-ray. This action preserves the discriminant locus Z(F) and we have:
We have the torus (C * ) n /G acting on X F component by component. Consider the map (z l ) ⊗n on C n mapping each coordinate z to z l . This map preserves the discriminant locus and verifies the following relation:
where m l denotes the multiplication by l. Then, for every natural number l the map (z l ) ⊗n induce the map z l on the toric variety X F hence an inverse system of maps on the divisibility net whose inverse limit is X F Q . These maps are the q n,m maps in the previous section. Now, we want to explicitly describe X F Q . In the same way as before, consider the inverse limit C n Q ∼ = (C Q ) n of the maps (z l ) ⊗n on C n and define Z(F) Q as the preimage of the discriminant locus by the canonical inverse limit map C n Q → C n . We can reproduce the construction of G and its natural action C n by substituting C Q instead of C verbatim obtaining G Q with a natural action on C n Q and preserving Z(F) Q . Then:
The torus action of (C * Q ) n /G Q on X F Q is proper and because the torus is dense in the toric variety, this action extends to an automorphism fixing the cusps. Let's see the automorphisms permuting the cusps. Recall that G is a subgroup of Hom Z Z F (1) , C * and consider the group homomorphism:
Define the symmetry of the fan F as the kernel of Φ; i.e. S F = ker Φ. This is the maximal subgroup of the symmetry group of rays fixing the torus action and acts on the solenoidal toric variety permuting the homogeneous coordinates C n Q . Proposition 4 Consider a complete fan F. The automorphism group of the corresponding solenoidal toric variety is the following:
Aut(X F Q ) ∼ = S F (C * Q ) n /G Q If G does not contain any finite groups as summands, then the action as well as the automorphism group can be calculated via the charge matrix [CR] : Suppose that G is isomorphic to (C * ) s . Then, by definition of G we have (C * ) s ⊂ (C * ) n and a matrix Q such that:
For each i, consider the primitive vectors v i generating the i-ray. Then, because G is the kernel of ξ we have the relation: Figure 2 : CP 1 (Figure 2a ), CP 1 × CP 1 (Figure 2b) , CP (1, 1, n) ( Figure 2c ) and the Hirzebruch surface F n (Figure 2d) for each j. This relation determines Q. The torus action reads as follows: Example 1 Consider CP 1 in Figure 2a . Then v 1 + v 2 = 0 and the charge matrix is the column vector (1, 1) t . The symmetry group is Z 2 and the discriminant locus is the origin hence:
and the automorphism group is:
Example 2 Consider CP 1 ×CP 1 in Figure 2b . Then v 1 +v 2 = 0 and v 3 +v 4 = 0 and the charge matrix is: 
The symmetry group is Z 2 × Z 2 and the discriminant locus is Z(
0) and the we have:
Example 3 Consider CP 2 in Figure 1 . Then v 1 + v 2 + v 3 = 0 and the charge matrix is the column vector (1, 1, 1) t . The symmetry group is S 3 and the discriminant locus is just the origin hence:
Example 4 Consider CP (1, 1, n) in Figure 2c with n = 1. Then v 1 +v 2 +n.v 3 = 0 and the charge matrix is the column vector (1, 1, n) t . The symmetry group is Z 2 and the discriminant locus is just the origin hence:
CP (1, 1, n) Q = (C 3 Q − 0)/C * Q and the automorphism group is:
Aut (CP (1, 1, n) 
Example 5 Consider the Hirzebruch surface F n in Figure 2d . Then v 3 +v 4 = 0 and v 1 + v 2 − n.v 4 = 0 and the charge matrix is:
The symmetry group is Z 2 and the discriminant locus is Z(
0) and the automorphism group of the solenoidization is:
the automorphism group is:
Vector Bundles
Lemma 1 Consider a compact toric variety X and the solenoidizations π n : X Q → X n . Consider a rank r vector bundle E → X Q . Then, there is a natural number l and a rank r vector bundle E l → X l such that its pullback by π l is E.
Proof: Consider the classifying map e : X Q → Gr(m, r) of the vector bundle E with m some natural number; i.e. The vector bundle E is the pullback of the universal bundle by e. Consider a Whitney embedding W : Gr(m, r) → R N with N some natural number and consider a, ε-tubular neighborhood p : M → Gr(m, r) with M ⊂ R N . For every natural n and every x ∈ X n we have the fiber F n,x of the bundle π n : X Q → X n . This fiber is isomorphic (non canonically) to the the adelic completion of the integersẐ, a Hausdorff compact abelian topological group. In particular there is a unique normalized Haar measure µ n,x on every fiber F n,x .
Define the map ζ := W • e : X Q → R N and φ n,x : F n,x → R N as the precomposition of ζ with the fiber. We summarize our definitions in the following commutative diagram: By continuity, it is clear that f n • π n tends to ζ pointwise and because X n is compact, there is a natural l such that the image of f l is contained in the ε-tubular neighborhood M . Define the homotopy H : X Q × [0, 1] → Gr(m, r):
H(y, t) := p (tζ(y) + (1 − t)f l (π l (y))) Define the classifying map e l := p • f l and consider its corresponding rank r vector bundle E l → X l . Then, the classifying map e is homotopic to e l • π l by H; i.e. The following diagram 2-commutes in the 2-topological category with homotopies:
π l e / / Gr(m, r)
X l e l ? ?
and we have the result. The previous Lemma is in the topological category. In [BV] , we prove the analog result for the adelic Riemann sphere in the holomorphic category instead. Forgetting the holomorphic structure and considering only the topological one, the previous Lemma generalizes the corresponding one in [BV] . In categorical terms we have the following:
Theorem 2 Consider a compact toric variety X and its solenoidization π n : X Q → X n . For every natural n, the pullback by π n is a full and faithful functor π * n : Vect r (X n ) → Vect r (X Q ) and the collection of them define a direct system whose limit is equivalent to Vect r (X Q ):
Corollary 1 Consider a compact toric variety X and its solenoidization π n : X Q → X n . For every natural n, the pullback by π n induce a morphism of Krings K(X n ) → K(X Q ) and the collection of them define a direct system whose limit is isomorphic to K(X Q ):
Example 6 Recall the K-ring of the Riemann sphere:
The image of the ring morphism K(π n ) : K(CP 1 n ) → K(CP 1 Q ) (the subscript n denotes the covering level) is isomorphic to: Im K(π n ) ∼ = Z[x 1/n ] (x 1/n − 1) 2 Hence, we have the isomorphism:
agreeing with the result calculated in ( [BV] , Corollary 5.5).
Finally we would like to mention that the homology, cohomology and characteristic classes of toric varieties have been studied extensively (see, for instance [Yo1, Yo2] , [BBFK1, BBFK2] ).
